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Abstract
We present a way to derive a relativistic deformation of the kinematics of special relativity from the geometry of a maximally symmetric curved momentum
space. The algebra of isometries of the metric in momentum space defines the deformation of the kinematics.

Special Relativity Kinematics
The main ingredients of the kinematics of special relativity are a
conservation law for momenta (characterizing the interactions), and a
dispersion relation (depicting the free propagation).

Conservation law

p+q = l + r

Dispersion relation

C (k)= k2 =m2
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The previous ingredients are compatible thanks to the existence of
Lorentz transformations making the physics (processes) the same for all
observers. Given two momenta, (p,q), there is a linear Lorentz
transformation Jω(p)

(p,q)→ (p′(p) = Jω(p), q
′(q) = Jω(q))

such that
Jω(p+q) = Jω(p)+Jω(q)

This Lorentz transformation leaves invariant the dispersion relation

δC (k) = ∂C (k)

∂k
Jω(k) = 0

Relativistic Deformed Kinematics
In this framework, the kinematics is deformed from special relativity and
becomesΛ-dependent, beingΛ, the parameter of the deformation, a
high energy scale.

Conservation law

p⊕q = p+q+ pq

Λ
+ ... = l ⊕ r

Dispersion relation

C (k)= k2+ k3

Λ
+ ... =m2
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In this case, there are modified Lorentz transformations in the
two-particle system relating inertial observers. Given two momenta,
(p,q), there are nonlinear Lorentz transformations Jω(p) and Jω(p,q)

(p,q)→
(
p′(p) = Jω(p), q(p,q) = Jω(p,q)

)
such that

Jω(p⊕q) = ∂(p⊕q)

∂p
Jω(p)+

∂(p⊕q)

∂q
Jω(p,q)

In order to have a relativity principle, both transformations must leave
the dispersion relation invariant

δC (p) = ∂C (p)

∂p
Jω(p) = 0

δC (q) = ∂C (q)

∂q
Jω(p,q) = 0

There is a simple very studied model, known as κ-Poincaré, in which the
composition law is associative. One can construct a spacetime
associated to this kinematics as

xµ = xνϕ
µ
ν(k)

where the ϕµν(k)≡
{
pν,xµ

}
are such that xµ satisfy κ-Minkowski

noncommutativity: {
x0,x i

}
= x i/Λ

Flat momentum space
The geometry ingredients of a Minkowski momentum space lead to the
identification of the SR kinematics. Since there are 10 isometries of the
metric, 4 translations and 6 Lorentz transformations, we establish a
correspondence between the elements of the kinematics and those of the
geometrical perspective.

q p+q

0d2(0,q)=C (q)

Tp(q)

Translations → Conservation law

Squared distance → Dispersion relation

The relativistic invariance of the conservation law and dispersion
relation is implemented as

q q′

p+q (p+q)′

Tp Tp′

Jω

d2(0,q)= d2(0,q′)

Curved momentum space
In a maximally symmetric (curved) momentum space, one can also
identify 10 isometries, making again the correspondence:

d2(0,q)=C (q)

q
p⊕q

Tp(q)

0

Translations → Conservation law

Squared distance → Dispersion relation

Relativistic invariance now implies a transformation in the two-particle
system (p,q)→ (p′(p)= Jω(p),q(p,q)= Jω(p,q)), such that

q q

p⊕q (p⊕q)′

Tp Tp′

Jω

d2(0,q)= d2(0,q)

For the particular case of κ-Poincaré, the tetradϕ(k) of the momentum
metric

gµν(k) = ϕαµ(k)ηαβϕ
β
ν(k)

is related with the deformed composition law as:

ϕ
µ
ν(k) = lim

a→0

∂(k ⊕a)ν
∂aρ

so that xµ ≡ xνϕ
µ
ν(k) are generators of translations in momentum space:

(k ⊕ε)µ= kµ+ενϕνµ(k)= kµ+εν
{
kµ,xν

}
and indeed obey κ-Minkowski noncommutativity.

Outlook
We have shown the relationship between a deformed relativistic kinematics and a curved momentum space. This gives a new perspective of a relativistic
deformation of special relativity at the classical level which could be important to explore its realization at the quantum (field theory) level. This poster is
based on J.M. Carmona, J.L. Cortés, and J.J. Relancio, Relativistic Deformed Kinematics from Momentum Space Geometry, Physical Review D 100.10 (2019) and
J.M. Carmona, J.L. Cortés, and J.J. Relancio, Relativistic deformed kinematics from locality conditions in a generalized spacetime, Physical Review D 101.04
(2020).
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